Abstract-This paper compares closed-form approximations for coplanar waveguide and microstrip transmission-line parameters to accurate measurements and full-wave calculations. We suggest improved approximations and demonstrate the limitations of our proposed and current approximations for the efficient simulation of digital interconnects.
I. INTRODUCTION
T HIS paper investigates the closed-form frequency-dependent approximations for transmission-line parameters discussed in [1] , [2] , and [3] . A comparison of coplanar waveguide (CPW) and microstrip measurements with full-wave calculations shows that these closed-form approximations are often inaccurate at high frequencies and suggests improvements.
There are four basic approaches to including transmission lines with frequency-dependent parameters in digital simulation tools: 1) lumped-element approximations [4] ; 2) finite-difference time-domain algorithms [1] ; 3) the method of characteristics [5] ; and 4) time-domain Green's functions [6] . In lumped-element approximations and finite-difference time-domain algorithms, the transmission line is broken up into electrically small subsections. Lumped-element approximations model each line subsection with a finite number of lumped elements, while finite-difference time-domain (FDTD) algorithms analytically solve for the voltages and currents in each subsection for each new time step from the voltages and currents at previous time steps. Accurate causal closed-form approximations for frequency-dependent transmission-line parameters are especially useful in these analyses; they can be used to determine appropriate element topologies, and values in lumped element approximations and the efficiency of convolution computations in FDTD algorithms can be greatly improved for certain special forms.
The method of characteristics [5] transforms the partial differential equations describing the transmission line into ordinary differential equations along their characteristic directions. Simulation tools based on time-domain Green's functions determine the time-domain impulse response of the entire transmission line; either scattering-parameter formulations or special terminating conditions [6] may then be used to reduce the length of the line's impulse response, and thus reduce memory and computation requirements. Closed-form expressions are less important for these tools, which are often used in conjunction with field simulators. Nevertheless, they can be useful when accurate field simulations are either not available or are too computationally intensive to be practical.
One common approximation for the frequency-dependent impedance per unit length of a transmission line is [1] (1) where and are its resistance and inductance per unit length, is its total dc resistance per unit length, is its frequencyindependent external inductance per unit length, and (2) where and are the conductivity and permeability of the metal, and and are the width and thickness of the metal conductor [1] . When is much larger than is approximately the frequency at which the skin depth is equal to . Reference [1] points out that will not be accurate except at very low and very high frequencies. In addition, the characteristics of change abruptly at the characteristic frequency , at which point the skin depth in the conductor metal is equal to . Thus, although is continuous, it is not causal, and thus cannot be used in most simulation tools [1] . Similar models with abrupt discontinuities, such as that presented in [7] , will suffer the same drawback.
A second common approximation is [1] , [8] 
Equation (3) sums the line's dc impedance, its external inductance, and an expression for the surface impedance of a thick conductor. While [1] points out that we should not expect to be any more accurate than , the form of in (3) has some distinct advantages over the form of Zc in (1): is both continuous and causal, which makes it suitable for use in all time-domain simulation tools [1] . Furthermore, lumped-element networks approximating this function have been well studied in the literature [4] and special numerical techniques have been developed for efficiently evaluating in FDTD algorithms [1] . Reference [2] suggests that first-and second-order filter representations of , which are both continuous and causal, should U.S. Government work not protected by U.S. copyright. be more accurate than . The first-order representation of [2] is given by (4) In this study, we compare the approximations , and to measurements and full-wave calculations [9] . We show that, for wide conductors, better approximates the frequency-dependent transmission line parameters of our CPW than either or . We also suggest another approximation for the characteristic frequency of wide metal conductors that improves the accuracy of . Finally, we show that none of these approximations do a very good job for narrow conductors, indicating the need for further investigation.
II. FREQUENCY-DOMAIN CHARACTERIZATION
We fabricated CPW transmission lines with wide conductors by evaporating gold conductors on semi-insulating gallium arsenide (GaAs) substrates. The CPWs had lengths of 550 m, 2.685 mm, 3.75 mm, 7.115 mm, and 20.245 mm. They were constructed with 73-m-wide signal lines separated from two 250 m wide ground planes by 49-m-wide gaps. The gold conductor metallization had a measured thickness of 0.5883 m and a measured dc conductivity of m . We measured the propagation constant of the CPW with a multiline thru-reflect-line calibration [10] . We assumed that the gallium arsenide substrate had a relative permittivity of 12.95 and no losses. We checked that the CPW's conductance and the capacitance per unit length were frequency-independent with the full-wave calculation method of [9] . We then determined the low-frequency limit of with a small lumped load using the method of [11] and determined and from , which assumes that and [12] . Figs. 1 and 2 show the resulting measured and calculated values of the total resistance and total inductance ; the values of include contributions from both the internal and external inductances.
Figs. 1 and 2 also compare the measured and to their values derived from the real and imaginary parts of , and evaluated at the characteristic frequency suggested in [1] and [2] . The figures show that predicts no frequency dependence at all: this is because corresponds to a frequency of 88 GHz, well above the plotted frequency range. Even worse, shows a nonphysical decrease in . While better approximates the measurements of the frequency-dependent transmission line parameters of our CPW than either or , it is not particularly accurate either. We show below that further improvement is possible.
III. IMPROVED APPROXIMATION
Although the values of and from in Figs. 1 and 2 poorly approximate the measurements, the functional form of is similar to that of the measured data. This approximation can be improved by determining a new characteristic frequency for calculating that accounts for the crowding of electrical currents at the edges of wide conductors. We calculated a new characteristic frequency for CPW with wide conductors from expressions for the attenuation constant of CPW given in [13] and [14] . These expressions are based on asymptotic field solutions valid for wide conductors and that accurately determine loss in the region local to the conductor edges. Unlike other expressions for loss found in the literature, they are valid for an arbitrarily shaped edge.
Reference [14] approximates the attenuation constant of CPW for width thickness at high frequencies as
where the propagation constant is the characteristic impedance of the CPW, is a generalized conductor surface impedance [13] defined by (6) and is a geometrical factor defined by (7) In (7), is the wave number in the conductor, is the elliptic integral of the first kind, is one-half of the center conductor's width, and is one-half of the distance between ground planes. References [13] and [14] give values for the parameter , which is a function of the strip thickness, the edge shape, and the conductor's properties.
For a quasi-TEM mode at high frequencies, the resistance per unit length of CPW is well approximated as [13] (8)
While this form correlates well to measured data [13] , [14] , it is not of a form that is easy to use in digital simulation tools. However, at high frequencies, where is approximately equal to 290.8 [14] and can be approximated by , the surface impedance of a thick conductor. Equating the high-frequency limit of (3) to that given by (8) allows us to define a new characteristic frequency defined by (9) that matches the two high frequency limits. In the parameter is evaluated at . Figs. 1 and 2 show that , the values of obtained by replacing with in (3), better approximates both the measured and numerically calculated values of and for this CPW with wide conductors.
IV. PULSE SIMULATION
A pulse propagation simulation based on the time-domain to frequency-domain transformation method of [1] in the wideconductor CPW illustrates the effect of the various approximations. Fig. 3 shows simulated voltages at the far end of a 10-cm section of CPW to those calculated from the directly measured frequency-domain data generated by a 1-V input pulse. The input pulse had an amplitude of 1 V, was 0.16 ns in length, and had 0.04-ns rise and fall times. The impedance of the pulse generator and the load terminations were all 50 in the simulation. Fig. 3 compares the far-end voltages at the far end calculated from the approximations studied here to those calculated from the directly measured frequency-domain data. The figure shows that, while all of the approximations are good enough to accurately simulate the far-end arrival time, only the approximation accurately predicts the far-end pulse shape.
V. MICROSTRIP
References [13] and [14] also contain expressions for the losses of wide microstrip lines. Those expressions yield the characteristic frequency (10) Fig. 3 . Simulated voltages at the far end of a 10 cm section of CPW calculated from the resistances and inductances of Figs. 1 and 2 with the time-domain to frequency-domain transformation method of [1] . The 1-V input pulse was 0.16-ns long and had rise and fall times of 0.04 ns. The internal impedances of the pulse generator and the impedance of the load termination were both 50 .
that matches (3) with the loss estimates for microstrip lines at high frequency, where (11) , and and are the width and thickness of the microstrip center conductor. Like (9) for , (10) is also expected to be valid only when .
VI. COUPLED LINES
We used to reproduce elements of the series impedance matrix of a coupled line. We applied our method to coupled 54-and 254-m wide microstrip lines separated by a gap of 45 m and printed on a 254-m-thick alumina substrate. The metal conductors had a measured thickness of 1.8 m and a dc conductivity of S/m. Fig. 4 compares measurements of the elements of the series impedance matrix of the coupled lines reported in [3] to full-wave numerical results [9] and approximations from . The agreement between measurement and calculation is good.
VII. LIMITATIONS
While we expect and to be accurate for transmission lines with wide conductors, we also expect them to fail for transmission lines with narrow conductors. Fig. 5 compares the resistance per unit length of a small microstrip calculated from , and to calculations using the full-wave method of [9] . None of these resistances agrees well with the full-wave calculations, illustrating the breakdown of the wide-conductor approximation inherent in . Further work is needed to develop good approximations for the very narrow microstrip lines typical of on-chip digital interconnections.
We suspect that this limitation is due to the fact that , and are based on standard surface-impedance conditions. However, for narrow strips, the metal corners play a significant role in determining that current distribution that is Fig. 4 . Measured values of the elements of the series impedance matrix of two coupled microstrip lines and their 95% confidence intervals from [3] are compared to calculations from the full-wave method of [9] and the real part of Z (! ). not captured in the surface-impedance expressions used to develop , and . Fig. 5 also compares the resistance per unit length of the small microstrip calculated with the full-wave method of [9] to the resistance of a circular conductor of the same conductivity and cross-sectional area. Even here. we see that the resistance of the circular wire is smaller than that of the rectangular narrow strip, illustrating the importance of accounting for the metal strip's corners.
VIII. SUMMARY
We compared measurements to several closed-form approximations for the frequency-dependent resistance and inductance per unit length of CPW. We observed that exhibits a nonphysical decrease in . We also suggested a new form that predicts the transmission-line parameters of our wide-conductor CPW more accurately than the other approximations we investigated. Although not discussed here, we have shown that this form compares well to calculations performed using the full-wave method of [9] , even when the metal's conductivity and thickness are varied over an order of magnitude.
Finally, we showed that none of the expressions we investigated-including our new form-performed well for the very small nearly square conductor cross sections commonly used in digital interconnections.
